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What is a gyrogroup?

Gyrogroup—group-like structure

Consisting of one set with one binary operation
Operation NOT associative, NOT a group, in general

Having associativity-correction maps—gyroautomorphisms

(]
(]
e Having algebraic properties like groups
@ Being a generalization of groups

]

First introduced by Abraham A. Ungar
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Gyrogroups—an axiom approach

Let G be a non-empty set and let @ be a binary operation on G. Then
(G, ®) is a gyrogroup if

Q JdeeGVace G ade=a=eda
Q Vae GIbe G boa=e=aob

© Va,be G 3gyr(a, b],gyr(b, al € Aut (G, &) such that

> a® (bec) = (as b)egyrla,blc (left gyroassociative law)

> (aeb)®c=a® (begyr(balc) (right gyroassociative law)
Q VabeG,

> gyrla® b, b] = gyr|a, b] (left loop property)

> gyrla, b® a] = gyrla, b] (right loop property)
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Introduction

Gyrocommutative gyrogroups
A gyrogroup (G, @) that satisfies the commutative-like law,
a® b=gyrla,bl(b® a) (1)

forall a,be G, is called a gyrocommutative gyrogroup, analogous to abelian
groups.
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Concrete example of a gyrogroup—Mobius addition

SetD ={zeC: |z| < 1}. Mobius addition [1], @y, is given by

aey b= (2)

for all @, be D. Then (D, &) forms a gyrocommutative gyrogroup.

[1] A. Ungar, The holomorphic automorphism group of the complex disk, Aequationes
Mathmematicae 47 (1994)
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Connection between gyrogroup theory and other fields

In this talk, we will indicate nice connections between gyrogroup theory
and other fields such as group theory, representation theory and topology.
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Gyrogroups and related structures Groups and gyrogroups

Groups and gyrogroups
Recall the gyroassociative law
ad (bec) = (aeb)egyrla bic
(aeb)oc = aeo(begyr(balc)

o Every group is a gyrogroup by defining gyr|a, b] to be the identity
automorphism.

e Any gyrogroup with trivial gyroautomorphisms is a group.

T. Suksumran | CMU Gyrogroups | AIMC51 81736



Gyrogroups and related structures Groups and gyrogroups

GI'OllpS and gyrogroups

GROUP GYROGROUP
group identity 1 gyrogroup identity e
inverse element a1 inverse element ea
the associative law the gyroassociative law
subgroup subgyrogroup
normal subgroup normal subgyrogroup
quotient group quotient gyrogroup
group homomorphism gyrogroup homomorphism
group isomorphism gyrogroup isomorphism

abelian group gyrocommutative gyrogroup

[2] T. S., Essays in Mathematics and Its Applications: In Honor of Vladimir Arnold, in:
Th.M. Rassias, PM. Pardalos (Eds.), The Algebra of Gyrogroups: Cayley’s Theorem, Lagrange’s
Theorem, and Isomorphism Theorems, Springer, Cham, 2016, pp.369-437
SR



Gyrogroups and related structures Groups and gyrogroups

Factorization of permutations of a gyrogroup

Let G be a gyrogroup and let a€ G. The left gyrotranslation by a, L,,
defined by L,(x) = a® x, x € G, is a permutation of G.

Composition Law of Left Gyrotranslations
Let G be a gyrogroup. Then

Lgo Ly = Lagpogyrla, bl (3)

foralla be G.

Factorization Theorem
For each o € Sym(G), o has the unique factorization o = L, 0 p, where ae G
and p € Sym,(G). Here, Sym,(G) = {p € Sym(G): p(e) = e}.

T. Suksumran | CMU Gyrogroups | AIMC51 10/ 36



Gyrogroups and related structures Groups and gyrogroups

The gyrogroup of permutations

By the factorization theorem, if o, 7 € Sym(G), then
o=Lsoa and 1=Lyof
for some a,be Gand a, § € Sym,(G). Define
0T = Lyggpo (o f). 4)

Theorem 1

Let G be a gyrogroup. Then Sym(G), equipped with operation defined by
(4), forms a gyrogroup.
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Gyrogroups and related structures Groups and gyrogroups

Cayley’s theorem for gyrogroups
Let G be a gyrogroup. Set G = {L,: a€ G}.

Theorem 2 (T. S. & K. Wiboonton, 2015)

G is a subgyrogroup of Sym(G). Furthermore, the map
a— L, acgG,

defines an injective gyrogroup homomorphism from G to Sym(G). In
particular,

G=G

10

as gyrogroups.
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Gyrogroups and related structures Groups and gyrogroups

Embedding of a gyrogroup in its symmetric group

Another relationship between G and Sym(G) is shown below.

Theorem 3

Viewing Sym(G) as the usual symmetric group, we have
@ theidentity mapisin G
Q XeGimpliesX 'eG
Q@ X,Ye Gimplies XoYoXe G.

That is, G is a twisted subgroup, but not subgroup, of Sym(G).
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Gyrogroups and related structures Groups and gyrogroups

Gyrotriples

A subset Bofa group I is a twisted subgroup of I' if (i) 1 € B, 1 being the
identity of T'; (ii) b€ Bimplies b~ e B; and (iii) @, b€ B implies aba € B.

A subset Bofa group I' is a (left) transversal to a subgroup = of T if each
element g of I' can be written uniquely as g = bh for some be Band he E.

Definition 4

Let T be a group, let Bbe a subset of T, and let = be a subgroup of I'. A triple
(T, B,E) is called a gyrotriple if the following properties hold:

@ Bisatransversalto ZinT
@ Bis a twisted subgroup of I'
@ = normalizes B, thatis, hBh~! < Bforall he =.
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Gyrogroups and related structures Groups and gyrogroups

Gyrogroup — Group

Let Gbe a gyrogroup. Then X = {L o a: a€ G, a € Aut(G)} forms a group
under composition of maps with group law:

(Lagoa)o (Lpo P) = Lasam © (gyrla, a(b)lcao f) ®)

forall a,be G, a, f € Aut(G). Furthermore, G < X and Aut (G) is a subgroup
of Z.

Theorem 5 (T. S., 2017)
If Gis a gyrogroup, then (2, G, Aut (G)) is a gyrotriple. J
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Gyrogroups and related structures Groups and gyrogroups

Group — Gyrogroup

Suppose that a subset B of a group I' is a transversal to a subgroup = of a
group I'. By definition, for all a, b€ B, there are unique elements a® be B
and h(a, b) € = such that ab= (a® b)h(a, b). In some case, ® becomes a
gyrogroup operation.

Theorem 6 (T. Foguel & A. Ungar, 2000 « T. S., 2017)

Let (T', B,Z) be a gyrotriple. Then Bis a gyrogroup under the transversal
operation. For all g, b€ B, the gyroautomorphism of B generated by a and b
is conjugation by h(a, b).

In this case, the group identity of T acts as the gyrogroup identity of B and
eb=b"!forall be B.
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Timeline of gyrogroups and representation theory

Studying gyrogroups from
the algebraic viewpoint

Gyrogroup actions and
permutation representations

Linear actions and linear
representations of gyrogroups

Isometric actions and isometric
representations of gyrogroups
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Permutation representations of a gyrogroup
Let G be a gyrogroup and let X be a set. As Sym(X), equipped with

composition, is a gyrogroup with trivial gyroautomorphisms, we can define

Definition 7

A permutation representation ¢ of G on X is a gyrogroup homomorphism
from G to Sym(X). In other words, ¢: G — Sym(X) satisfies

pa®b) =@(a@opb)

foralla be G.
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Gyrogroup actions

Definition 8

A map - from G x X to X is a gyrogroup action of G on X if
@ e x=xforall xe X, ebeing the gyrogroup identity and
Q@ a (b-x)=(aeb)-xforallag be G xeX.
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Equivalence relation induced by a gyrogroup action

Let G act on X. Then the relation ~ defined by
x~y <= y=a-xforsomeacG (6)

is an equivalence relation on X. Let x € X.

@ The orbit of x is
ortbx:={yeX:y~x}={a-x: ac G.
o The stabilizer of x is
stabx={ae G: a-x=x},

which forms a very special subgyrogroup of G, called an
L-subgyrogroup.
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Gyrogroups and related structures

Gyrogroup actions and gyrogroup representations

The orbit-stabilizer theorem
Let G be a gyrogroup acting on a set X.
Theorem 9 (T. S., 2016)

For each x € X, there exists a bijection from orb x to G/stab x. In particular, if
G s a finite gyrogroup, then

|G| = |orb x||stab x]. (7

Sketch Proof. Because stab x is an L-subgyrogroup of G for all x € X, the map

O(a-x)=aostabx, acG,

works in this case.
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

The orbit decomposition theorem

Let G be a gyrogroup acting on a finite set X. Define

Fix(X) ={xe X: a-x=xforall ae G}.

Theorem 10 (T. S., 2016)

Let x1, X2, ..., X, be representatives for the distinct non-singleton orbits in
X. Then

1X| = [Fix(X)| + }_[G: stabx;]. ®)
i=1

Sketch Proof. This is because {orbx: x € X} forms a disjoint partition of X
and x € Fix(X) < orbx= {x}. O
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

The Burnside/Cauchy-Frobenius lemma

Let G be a finite gyrogroup and let X be a finite G-set. Given a € G, define

fixa={xeX: a-x=x}.

Theorem 11 (T. S., 2016)
The number of distinct orbits in X equals
1

G Y Ifixal.

acG

Sketch Proof. The proof of this theorem utilizes the orbit-stabilizer theorem.
In fact, we count the number of elements of the following set

Y={(ax)eGxX:a-x=x}

in two ways. J
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Linear representations of a gyrogroup

Let (G, @) be a gyrogroup. A linear representation ¢ of Gis defined as a
gyrogroup homomorphism from G to GL(V), where V is a vector space and
GL(V) is the general linear group of V. Thatis, ¢: G— GL(V) satisfies

@ ¢(a) is an invertible linear transformation on V and
Q ¢laeb) =¢(a)opb)
foralla, be G.
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Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Linear actions of a gyrogroup

Let (G, @) be a gyrogroup. A linear action of G on a vector space V' is
defined asamap -: Gx V — V, written (a, v) — a- v, such that

Q e v=vforallveV
Q a (b-vy=(aeb)-vforalla,be G,veV

© themap v— a-v,ve V,islinearforall ae G.

T. Suksumran | CMU Gyrogroups | AIMC51 25/36



Gyrogroups and related structures Gyrogroup actions and gyrogroup representations

Maschke’s theorem for gyrogroups

Theorem 14 (T. S., 2019)

Let (V, ) be a linear representation of a finite gyrogroup G over F. If
char (F) = 0 or char (F) |G|, then for any invariant subspace U of V, there
exists an invariant subspace W of Vsuchthat V=Ue W.

Sketch Proof. Suppose that U is an invariant subspace of V. Write
V =U®&W,. Let 1y be the projection of V onto U associated to this direct
sum decomposition. For each a € G, define a map v (a) by
w(a) = p(a) o my o p(ea). By assumption, we can define
=Y v
T=— .
|Gl

aeG

Set W=kermr={we V: n(w) =0} so that Wisinvariantand V=Ue W. O
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Gyrogroups and related structures

Topological gyrogroups

Topological gyrogroups

Some concrete well-known gyrogroups have naturally topological
structures.

Definition 15

A gyrogroup G equipped with a topology is called a topological gyrogroup
(4] if

@ the gyroaddition map &: (x,y) — x@ yis jointly continuous, where
G x G carries the product topology, and

@ the inversion map e: x— exis continuous.

[4] W. Atiponrat, Topological gyrogroups: Generalization of topological groups, Topology
Appl. 224 (2017)

T. Suksumran | CMU Gyrogroups | AIMC51

27136




Gyrogroups and related structures Topological gyrogroups

Topological version of Cayley’s theorem

Let (G, 1) be a topological gyrogroup that is locally compact Hausdorff
and let H(G) be the group of homeomorphisms of G endowed with the
g-topology. Here, the g-topology on H(G) is the topology generated by the
subbase

{[C,Ol: Cisclosed in G, Ois open in G, and C or X\ Ois compact},

where [A, Bl = {f e H(G): f(A) < B}.

Theorem 16 (J. Wattanapan, W. Atiponrat & T. S., 2020)

Let G be a locally compact Hausdorff topological gyrogroup and suppose
that H(G) carries the g-topology. Then H(G) is a completely regular
topological group and Gis embedded into H(G) as a twisted subgroup via
the topological embedding a— L;, a€ G.
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Gyrogroups and related structures Topological gyrogroups

Strongly topological gyrogroups

A topological gyrogroup G is said to be strong [5] if there exists an open
base % at the identity e of G such that gyr[a, bl (U) = U for all
abeGUe%.

Let G be a gyrogroup and set / = [0,1). Amap f: ] — Gis a step function if
there are real numbers 0 = gy < a; < - < a, = 1 such that f is constant on
lay, ai+1) for all k. Let G* be the set of all step functions. Define an
operation @ on G* by (fe g)(r) = f(r) @ g(r),r € J. Then G* forms a gyrogroup
and we have

Theorem 17 (J. Wattanapan, W. Atiponrat & T. S., 2020)

Every strongly topological gyrogroup G can be embedded as a closed
subgyrogroup of a path-connected and locally path-connected topological
gyrogroup G°.

[5] M. Bao and E Lin, Feathered gyrogroups and gyrogroups with countable
pseudocharacter, Filomat 33 (2019)
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Gyrogroups and related structures Topological gyrogroups

Properties shared by G and G°

Let G be a strongly topological gyrogroup and let G* be its extension as in
Theorem 17. Here are some properties shared by Gand G":

@ Gis gyrocommutative if and only if G° is gyrocommutative.
@ If Gis first countable, then so is G°.
@ If Gis metrizable, then so is G°.

T. Suksumran | CMU Gyrogroups | AIMC51 30/36



Gyrogroups and related structures | Normed gyrogroups

Gyronorms

Motivated by the word metric on groups, we define a gyronorm as
follows.

Definition 18
Let Gbe a gyrogroup. Amap | |: G— Ris called a gyronorm on G if

Q |lxl| =0forall xe Gand ||x|| =0ifand onlyifx=e (positivity)
Q |exll=|x|forall xe G (invariant under taking inverses)
Q lxeyl<lxl+lylforalxyeG (subadditivity)
Q llgyria, blx|l = |x|| for all @, b, x € G. (invariant under gyrations)

Any gyrogroup with a specific gyronorm is called a normed gyrogroup.
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Gyrogroups and related structures | Normed gyrogroups

Metric induced by a gyronorm

Let (G, || - 1) be a normed gyrogroup. Then the function d: Gx G— R
defined by
dx,y)=llexeyl forallx,ye G 9

is a metric on G, called a gyronorm metric, and so (G, d) becomes a metric
space.

We emphasize that a normed gyrogroup need not be a topological
gyrogroup. Therefore, sufficient conditions for a normed gyrogroup to be a
topological gyrogroup are worth finding.
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Gyrogroups and related structures

Normed gyrogroups

Sufficient conditions for a normed gyrogroup to be a
topological gyrogroup

Theorem 19 (T. S., 2019)

Let G be a normed gyrogroup with the corresponding metric d. If one of the

following conditions holds, then G is a topological gyrogroup with respect
to the topology induced by d:

@ Right-gyrotranslation inequality: d(x® a,y® a) < d(x,y) forall a, x,ye G
@ Klee’s condition: d(x® y,a® b) < d(x,a) + d(y,b) forall a, b, x,y € G.

T. Suksumran | CMU Gyrogroups | AIMC51

33/36




Gyrogroups and related structures

Normed gyrogroups

Sufficient conditions for a normed gyrogroup to be a
topological gyrogroup

Theorem 20 (J. Wattanapan, W. Atiponrat & T. S., 2020)
Let G be a normed gyrogroup with the corresponding metric d. If every
right gyrotranslation R;: x— x® a, x € G, and the inversion function e are

continuous, then G is a topological gyrogroup with respect to the topology
induced by d.
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My current research topics

Here are my current research topics:

@ Algebraic properties of gyrogroups

@ Gyrogroup actions and representations
@ Construction of gyrogroups from groups
@ Normed and topological gyrogroups

@ Einstein and Mdbius gyrogroups

@ Mobius transformations

@ Cayley graphs of gyrogroups
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