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Introduction

What is a gyrogroup?

Gyrogroup—group-like structure

Consisting of one set with one binary operation

Operation NOT associative, NOT a group, in general

Having associativity-correction maps—gyroautomorphisms

Having algebraic properties like groups

Being a generalization of groups

First introduced by Abraham A. Ungar
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Introduction

Gyrogroups–an axiom approach

Let G be a non-empty set and let ⊕ be a binary operation on G. Then
(G,⊕) is a gyrogroup if

1 ∃e ∈ G ∀a ∈ G, a⊕e = a = e⊕a

2 ∀a ∈ G∃b ∈ G, b⊕a = e = a⊕b

3 ∀a,b ∈ G ∃gyr[a,b],gyr[b,a] ∈ Aut(G,⊕) such that
Ï a⊕ (b⊕ c) = (a⊕b)⊕gyr[a,b]c (left gyroassociative law)
Ï (a⊕b)⊕ c = a⊕ (b⊕gyr[b,a]c) (right gyroassociative law)

4 ∀a,b ∈ G,
Ï gyr[a⊕b,b] = gyr[a,b] (left loop property)
Ï gyr[a,b⊕a] = gyr[a,b] (right loop property)
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Introduction

Gyrocommutative gyrogroups

A gyrogroup (G,⊕) that satisfies the commutative-like law,

a⊕b = gyr[a,b](b⊕a) (1)

for all a,b ∈ G, is called a gyrocommutative gyrogroup, analogous to abelian
groups.
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Introduction

Concrete example of a gyrogroup–Möbius addition

Set D= {z ∈C : |z| < 1}. Möbius addition [1], ⊕M , is given by

a⊕M b = a+b

1+ āb
(2)

for all a,b ∈D. Then (D,⊕M ) forms a gyrocommutative gyrogroup.

[1] A. Ungar, The holomorphic automorphism group of the complex disk, Aequationes
Mathmematicae 47 (1994)
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Groups and gyrogroups

Groups and gyrogroups

Recall the gyroassociative law

a⊕ (b⊕ c) = (a⊕b)⊕gyr[a,b]c

(a⊕b)⊕ c = a⊕ (b⊕gyr[b,a]c)

Every group is a gyrogroup by defining gyr[a,b] to be the identity
automorphism.

Any gyrogroup with trivial gyroautomorphisms is a group.
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Groups and gyrogroups

Groups and gyrogroups

GROUP GYROGROUP
group identity 1 gyrogroup identity e
inverse element a−1 inverse element ⊖a
the associative law the gyroassociative law
subgroup subgyrogroup
normal subgroup normal subgyrogroup
quotient group quotient gyrogroup
group homomorphism gyrogroup homomorphism
group isomorphism gyrogroup isomorphism
abelian group gyrocommutative gyrogroup

...
...

[2] T. S., Essays in Mathematics and Its Applications: In Honor of Vladimir Arnold, in:
Th.M. Rassias, P.M. Pardalos (Eds.), The Algebra of Gyrogroups: Cayley’s Theorem, Lagrange’s
Theorem, and Isomorphism Theorems, Springer, Cham, 2016, pp.369–437

T. Suksumran | CMU CCII groups... | AMC2025 August 3-7 | Chiang Mai University 8 / 18



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Groups and gyrogroups

Embedding of a gyrogroup in its symmetric group

A relationship between G and Sym(G) is shown below.

Theorem 1
Viewing Sym(G) as the usual symmetric group, we have

1 the identity map is in Ĝ

2 X ∈ Ĝ implies X−1 ∈ Ĝ

3 X ,Y ∈ Ĝ implies X ◦Y ◦X ∈ Ĝ.

That is, Ĝ is a twisted subgroup, but not subgroup, of Sym(G).
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Groups and gyrogroups

Gyrotriples

A subset B of a group Γ is a twisted subgroup of Γ if (i) 1 ∈ B, 1 being the
identity of Γ; (ii) b ∈ B implies b−1 ∈ B; and (iii) a,b ∈ B implies aba ∈ B.

A subset B of a group Γ is a (left) transversal to a subgroup Ξ of Γ if each
element g of Γ can be written uniquely as g = bh for some b ∈ B and h ∈Ξ.

Definition 2
Let Γ be a group, let B be a subset of Γ, and let Ξ be a subgroup of Γ. A triple
(Γ,B,Ξ) is called a gyrotriple if the following properties hold:

1 B is a transversal to Ξ in Γ

2 B is a twisted subgroup of Γ

3 Ξ normalizes B, that is, hBh−1 ⊆ B for all h ∈Ξ.
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Groups and gyrogroups

Gyrogroup → Group

Let G be a gyrogroup. Then Σ= {La ◦α : a ∈ G,α ∈ Aut(G)} forms a group
under composition of maps with group law:

(La ◦α)◦ (Lb ◦β) = La⊕α(b) ◦ (gyr[a,α(b)]◦α◦β) (3)

for all a,b ∈ G,α,β ∈ Aut(G). Furthermore, Ĝ ⊆Σ and Aut(G) is a subgroup
of Σ.

Theorem 3 (T. S., 2017)

If G is a gyrogroup, then (Σ, Ĝ,Aut(G)) is a gyrotriple.

[2] T. S., Involutive groups, unique 2-divisibility, and related gyrogroup structures, J.
Algebra Appl., Vol. 16, No. 6 (2017) 1750114 (22 pages)
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Groups and gyrogroups

Group → Gyrogroup

Suppose that a subset B of a group Γ is a transversal to a subgroup Ξ of a
group Γ. By definition, for all a,b ∈ B, there are unique elements a⊙b ∈ B
and h(a,b) ∈Ξ such that ab = (a⊙b)h(a,b). In some case, ⊙ becomes a
gyrogroup operation.

Theorem 4 (T. Foguel & A. Ungar, 2000 • T. S., 2017)

Let (Γ,B,Ξ) be a gyrotriple. Then B is a gyrogroup under the transversal
operation. For all a,b ∈ B, the gyroautomorphism of B generated by a and b
is conjugation by h(a,b).

In this case, the group identity of Γ acts as the gyrogroup identity of B and
⊖b = b−1 for all b ∈ B.
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Groups and gyrogroups

CII and CCII groups

A group G is called a commutator-inversion invariant (or simply CII
group) if it satisfies the identity [g,h] = [g−1,h−1] for all elements g,h ∈ G,
where [g,h] = g−1h−1gh is the commutator of g and h. Moreover, G is said to
be a CCII group if its central quotient G/Z(G) is a CII group.

Recall also that a group G is 2-Engel if [[a,b],b] = e for all a,b ∈ G.

Theorem 5 (T. S., 2024)
A group is CII if and only if it is 2-Engel.

[2] T. S., On commutator-inversion invariant groups and gyrogroup construction, J.
Algebra Appl., Vol. 23, No. 3 (2024) 2450042 (21 pages)
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Groups and gyrogroups

CCII groups and gyrogroups

Theorem 6 (T. S., 2024)
If G is a CCII group, then G can be made into a gyrogroup by defining

a⊕b = aaba−1 (4)

for all a,b ∈ G. In this case, the gyroautomorphism of the resulting
gyrogroup generated by a and b is conjugation by [a−1,b].
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Groups and gyrogroups

CCII groups and gyrogroups

Theorem 7 (T. S., 2024)
If G is a nilpotent group of class at most 2, then the gyrogroup constructed
in Theorem 6, denoted by Ggyr, is degenerate in the sense that its
gyroautomorphisms are all trivial, and so it forms a group.
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Groups and gyrogroups

Some properties of induced gyrogroups

Theorem 8 (T. S., 2024)
Let G be a CCII group group, and let g ∈ G.

1 The gyrogroup order of g in Ggyr equals the group order of g in G.

2 If H is a subgroup of G, then H is a subgyrogroup of Ggyr.

3 If H is a subgyrogroup of Ggyr, then H is a subgroup of G if and only if
aHa−1 ⊆ H for all a ∈ H .
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Groups and gyrogroups

Example of order 16

The first three groups give rise to non-degenerate gyrogroups of order 16.
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