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Pure mathematics
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e Previous incomplete results
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Prime numbers and applications

The study of prime numbers

The RSA public key encryption
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Euclid of Alexandria (335 — 265 BC)
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Group (Representation) theory in physics

“We may as well cut out group theory. That is a subject
which will never be of any use in physics.”

James Jeans
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Group (Representation) theory in physics
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Lie groups and physics

“.1%a Lie Groups, lannweaai
SoUTauua laanivuagnweai
Iuanlassasanadiadaa st
WINDITNRIB € BNARAFIFA 6114
WINWAATI IRNFANINLYT LAAUNLY
§91U8900 3TN AEN T 1
sunsi Ul se Tt laluni
UHTE (...) wannanlafia wiks
ANIITBLNNRY NOuAYIND Lie
groups T9¢ b3 szlaminu lanas
U ndunpmldnulenanmnisg
NYAINNIANA!”

Wila@n 4 va3levialayl (Beyond Einstein: The Cosmic Quest for the Theory of the Universe)

= an a 6 o 1 ean
deoulasas.iflaz amuastanfines neudsu ulalausdng widdswan

S e . i
P® | BEYOND | g/a

| EINSTEIN | [
o




Applications of algebra H

Trisecting an angle

Problem 1

Is it possible using only straightedge and compass to
trisect any given angle 67

Not always possible!
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Criterion for trisecting an angle

A polynomial of degree 3 in Q[x] is reducible (i.e., can be
expressed as a product of two polynomials in Q[x] of
positive degree) if and only if it has a root in Q.

If cos6Q, then the angle 6 can be trisected by

straightedge and compass if and only if 4x3 - 3x - cosO0 is
reducible over Q.

For example, /3 cannot be trisected since 4x3 - 3x - 1/2 is
not reducible over Q (it has no rational root).

Modern Algebra With Applications, William J. Gilbert and W. Keith Nicholson

Chulalongkorn University e The Annual Pure and Applied Mathematics Conference 2021 e T. Suksumran



Applications of

Please answer the following question

Determine whether the following surfaces are the same
from the topological viewpoint (i.e., are homeomorphic):

_/

Sphere, $? Torus, T

N O' because one has no hole and
- the other has a hole.
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Please answer the following question

Determine whether the following groups are the same from
the algebraic viewpoint (i.e., are isomorphic):

The trivial group {e}

The direct group ZxZ

N O' because their sizes are different.
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Fundamental groups

construction of

path homotopy classes of loops X X
T\, Ao

s

Topological Fundamental
space, X group of X
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Topological invariant via the notion of a group

If X and Y are homeomorphic topological spaces, then
their fundamental groups are isomorphic.

Hence, if n,(X, Xy) 2 (Y, ¥y), then X and Y are not
homeomorphic.

Topology, James Munkres
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Non-homeomorphic spaces
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Fundamental 2
group S
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Quadratic formula

A polynomial p(x) = ax? + bx + ¢ in R[x] with a = 0 may
have no root, or one root, or two roots, given by

b+ \/b2 _4ac
24 '

In this case, every quadratic polynomial in R[x] is solvable
by radicals.
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Solvability by radicals

A polynomial in R[x] is solvable by radicals if we can obtain
all its roots by adjoining n roots (for various n) to R. That
IS, each root of the polynomial can be written as an
expression involving elements of R combined by the
operations of addition, subtraction, multiplication, division,
and extraction of roots.
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Polynomials with degree < 5

Polynomials | Solvable by | Name/Formula | Time around
of degree radicals

Quadratic formula 1600 BC

3 Yes Cardano’s formula 1543
4 Yes Ferrari’s method 1545
5 No Abel & Galois 1826-1831

Question 4

Is every polynomial of degree 5 in R[x] solvable by
radicals?
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Galois groups

yu
construction of
splitting field of fover R.
(N 11X
Polynomial in Galois group of f
R[x], f
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Solvability by radicals via the notion of a group

A group G is solvable if G has a series of subgroups

{e} =NycN,c---cN.=¢G,
where, for each iwith 0 < /< k-1, N;is normal in N,, and
N.,/N; is abelian.

A polynomial fwith coefficients in R is solvable by
radicals if and only if the Galois group Gal(f) is solvable.

For example, f(x) = x° - 8x + 2 is not solvable by radicals
since Gal(f) =~ Sg, which is not a solvable group.

Fields and Galois Theory, John M. Howie
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Inequality related to integrals

If fand g are continuous real-valued functions on the
closed interval [0,1], then

1 1 1
I f(t)g(t)dt| < \/ j f(t)%dt \/ j g(t)%dt.
0 0 0
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Cauchy-Schwarz Inequality

If a and b are vectors in a real inner product space, then
(a,b)* < ||all?l|b]l%, (*)

where ||c]| = (c,c)>.

Proof. Consider the quadratic function

Ixa + b||> = ||al|*x* + 2(a,b)x + ||b]|*
in the variable x. Clearly, (*) holds when a =0 or b = Aa.
Therefore, assume that a and b are linearly independent
with a # 0. Hence, ||xa + b||? > O for all xeR and so the
discriminant 4((a,b)* - ||a||?||b||?) is less than 0. [

Proofs from THE BOOK, Martin Aigner and Glnter M. Ziegler
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Cauchy-Schwarz Inequality

The inequality

1

0

follows since the space of continuous real-valued functions

1 1
j f(t)g(t)dt| < \/ j f(t)%dt \/ j g(t)%at
0 0

on [0,1] forms a real inner product space whose inner

product is given by

1
(f.g) = [f(thg(t)ct.
0
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Conformal self-maps of the disk

Let D = {zeC : |z| < 1} be the open unit disk. A continuously
differentiable function . D — C is analytic if

T o
0Z

at every point of D.

An analytic function . D — D that is bijective is called a
conformal self-map of D. Some examples are the following:
1.2 > 0z

Z—a
2.2

1-az’
where o is a fixed unimodular complex and a is a fixed
element in D.
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Conformal self-maps of the disk

If fis a non-identity conformal self-map of D, then f has
at most two fixed points.

Proof. By a certain result in the literature, there are
complex numbers a and o with aeD, |o| =1 such that

f(z) = o——
1-az

for all zeD. If z, is a fixed pomt of f, then z, must be a root
of the quadratic equation az® +(ow—1)z —aw =0, which has

at most two roots, in the case a= 0. If a= 0, we have 0 is
the unique fixed point of . [
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Rough definition of free groups

Let X be a non-empty set and let X' be a set that has a
bijection from X to X' such that X n X1 = &. A string of
elements from X U X~1is called a word. A reduced word is
a word not containing subwords of the form xx ' or x 'x.

The free group on X, denoted by F(X), consists of the set of
reduced words on X, together with an empty word 1, and
the operation of concatenation:

(XOL1XOL2 ...Xam)(yB1yBZ an) — XOL1XOL2 ...XamyB1yB2 an
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Groups defined by presentation

Let G be a group, let S be a non-empty set, and let R be a
set of words on S. We say that (S | R) is a presentation of
Gif

G =~ F(S)/N,
where N is the normal closure of R in F(S).

G T presentation

Z (a| @)
7 x 7. (a, bl a-'b-'ab=1)
Dihedral group of order 2n  (r,s| r'=s*>=1,rs=sr')
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Fundamental groups

Here are some fundamental groups defined by presentation.

Presentation of fundamental group

Unit circle in R? (a]| @)
Torus (a, bl a-'b'ab=1)
Double torus (a, b, c,d| a'b-'abc-'d-"cd = 1)
Projective plane in R? (ala=1)
Figure eight (a, b| @)
Double torus Figure eight
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Dehn’s problems

By “algorithm” we mean a procedure, given by a finite
number of instructions, that produces an answer after a
finite number of steps, without ever leaving any doubt as to

the next step.

The Word Problem

Let G be a group given by a finite presentation (S| R). Is
there an algorithm that decides whether a given word is

equivalent to the identity in G?

The Isomorphism Problem

Is there an algorithm that determines whether a pair of
finite presentations define isomorphic groups?
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Open problem

Galois groups

Let E be an extension field of Q. The Galois group of E over

Q is defined as
Gal(E/Q) = {automorphisms of E fixing all elements of Q}.

Open Problem (Noether)
Determine which finite groups can occur as Galois
groups over Q.

Partial answers:
every solvable group
certain kinds of simple groups

Contemporary Abstract Algebra, Joseph A. Gallian
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Questions & Answers
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